Author Proof

Nonlinear Dyn
DOI 10.1007/s11071-015-2480-8

@ CrossMark

ORIGINAL PAPER

Nonlocal symmetry analysis and conservation laws
to an third-order Burgers equation

Gangwei Wang - A. H. Kara - K. Fakhar

Received: 28 March 2015 / Accepted: 30 October 2015
© Springer Science+Business Media Dordrecht 2015

Abstract The nonlocal residual symmetry related to
truncated Painlevé expansion of third-order Burgers
equation is performed. Then, the potential symmetries
of the equation are derived; on the basis of nonlo-
cal symmetries, we linearize the nonlinear third-order
Burgers equation to a linear third-order PDE. Further-
more, the exact solutions of the potential equation are
presented in terms of the symmetries. In particular, con-
servation laws are constructed of the equations.
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1 Introduction

It is known that the Burgers hierarchy is of the form

[1-7]

w = Kn@) = (D +u+u D7) Ny, m=1,2,...
ey

Substituting n = 1,2, 3,4 into (1), one can get few
elements of the hierarchy (1), which are

Uy = Uy, (2)
U = 2uuy + Uy, 3)
U; = 3uu“+u”x+3u§+3u2ux, @

U = Uyyyx + 10uyttyy + 4ttty yy
+ 12uu§ + 4u3ux + 6u2uxx. ®))

They are of first order, second order, third order
and fourth order, respectively. The third-order Burg-
ers equation, similar to the second-order ones, appear
in many physical and engineering fields [8—10], such
as the plasma physics and fluid mechanics. In addi-
tion, these equations play a key role in nonlinear the-
ory and mathematical physics, in particular in the inte-
grable system, soliton theory, nonlinear wave theory,
and so on. It is to be noted that Eq. (3) is the dissipative
Burgers equation; by using the Hopf—Cole transforma-
tion, this equation can be reduced the heat equation
ur — uyy = 0. Moreover, the third equation in Eq. (4)
is the well-known Sharma—-Tasso—Olver (STO) equa-
tion. The Burgers equation and the STO equation were
investigated in many papers such as [1-19]. In paper
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[1], the authors considered the famous Burgres’ equa-
tion and gave infinite series of flows. The authors in
[4,5] presented exact solutions, which included self-
similar solutions for Burgers hierarchy. Also, multi-
ple kink solutions and multiple singular kink solutions
of Burgers hierarchy were constructed in [6]. In Ref.
[7], the authors considered the Painlev test, generalized
symmetries, Baklund transformations and exact solu-
tions of the STO equation. In paper [18], the authors
discussed group classification and exact solutions of
generalized Burgers equations with linear damping and
variable coefficients in detail. The authors gave the
results about self-adjointness and conservation laws of
a generalized Burgers equation in [19]. In paper [20],
the authors considered the nonclassical potential sym-
metries of the Burgers equation. The authors analyzed
the connection between symmetries and linearization
in [21,22].

In this paper, we consider the nonlocal symmetries,
exact solutions and derive the conservation laws of
third-order Burgers equation (4) and its potential form.
The remainder of this paper is organized as follows:
In Sect. 2, nonlocal residual symmetry related to trun-
cated Painlevé expansion of this equation is obtained.
In Sect. 3, we employ potential symmetry on this equa-
tion and present all of the geometric vector fields are
constructed. In Sect. 4, linearization by nonlocal sym-
metries is derived. In Sect. 5, similarity reductions and
explicit solutions are presented. In Sect. 6, conserva-
tion laws are given. Finally, the main findings of the
paper are recapitulated in Sect. 7.

2 Residual symmetry via Painlevé analysis

The STO equation (4) is Painlevé integrable [7,11].
In order to get residual symmetry via Painlevé analy-
sis, we use the following truncated Painlevé expansion
form

uz%oﬂl. (©6)

Plugging (7) into (4), one can have
2 2
Ul — 3ugtixy — Ulxxx — Uy, — 3ujuiy
-1 2
+ ¢! )( — Ouou U — 3ujuox — 3uUoUixx
—3uiuoyx — Ouoyu1x + uor — quxx)

+¢2 (3¢>xuou% + 6 uou1x + OG0y

@ Springer

+3¢ecuiug — 3udury — Guouiio;
— UoPr + 3¢xuoxx + 3Pxxtox

+ Prxxtto — 3UoUoxx — 3M%x)

+¢ =~ 66 uou

+6¢ugus — 6¢7u0x — 6rpxito
+ 12¢uguox + 3xruf — 3u%uox)

+ ¢ (60310 — 9023 + 3¢.113) )
Vanishing the coefficients of ¢ ~*, one can get
uo = ¢x, ®)
or
ug = 2¢y. )

The compatibility conditions at j = 1, 3 and this equa-
tion possesses the Painlevé property [7,11]. Moreover,
from the coefficients of ¢° and ¢!, one can obtain

Lemma 1 ug = ¢, is a symmetry of (4) with a solution
of uy.

In order to proof this Lemma, we first give the defi-
nition of symmetry [12,13] and the Lemma 2.

Definition 1 [12,13] Given an evolution equation

u; = Kul, (10

here K[u] = K(x, t, Uy, Uyy ...),if0(X, 1, Uy, Uyy...)
is a symmetry of Eq. (14), then o (x, #, uy, uyy . . .) sat-
isfy
do

— =Ko,
dr

where K’ means the Fréchet derivative.

(1)

Lemma2 o = o(x,t,u) is a symmetry of Eq. (4) if
and only if

o; — 60uu, — 3u20x —30uyy — 3uoyy
(12)

— 60Uy — Oxxx =0,

where u is a solution of (4). This lemma is easily proved
by Definition 1. From the coefficients of $° and ¢, we
can get

2 2
Uy — 3uilixy — Uixxx — U, — Sujuix =0,
(—6u0u1u1x — 3u%u0x

—3uou1xx — 3U1Uoxx — OUQxUTx
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13)

Substituting ug = ¢, and uy into (16) and (4), one can
get the Lemma 1.

It is noted that uy = ¢, is a nonlocal symmetry with
regard to Bdcklund transformation (6).

+uor — upxxx) = 0.

3 Point symmetry of the potential system and
potential equation

In order to get more nonlocal symmetries, we use poten-
tial symmetry analysis to deal with (4). PDE (4) is
equivalent to the potential system

Uy = U,
vy :3uux+u”+u3, (14)
and the potential equation
U = 305Uy + Vaxx + (). (15)
The point symmetry
*=t+et(x,t,u,v)+ O,
Xt =x+eE(x, 1, u,v) + 0(e?),
u  =u+en(x,t,u,v)+ 0(e?),
Vi =v+ey(x, t,u,v) + 0@, (16)
where ¢ is the group parameter, and
X, —u) =0,
XO (v = 3uuy — uyy —u) =0, (17)
for any (u, v) that solves system (18);
0 d

X =1t(x,t,u, U)E +&E(x, 1, u, v)a

+n(x,t,u,v)i+1//(x,t,u,v)i, (18)

ou v

is the infinitesimal generator of the point symmetry
(20);

ad a
X® =x+ nxﬁ + ”ta_u[
+w*i+w’i+~-~ (19)
dVy vy
with
n' = Dy(n) — uxDy(§) — u, Dy (v),
n" = Dyx(n) — uyDx(§) — u; Dy (1),
1/f[ = Di({) — v D (§) — v Di(7),
' = Dy (¥) — vx D (§) — v Dy (1),
(20)

Here, D, and D; denote the total derivative operator
and are defined by

D ad n ad n 0 n 0 n 0
= — 4 uUuy— +vy— FUy— +t Uy —
* 0x “ou v ""aux ”aut
0
FUxxT— F U — + (21)
vy dvy
D 0 n ad n 0 S 0 n 0
= Ur— + vy — + Uy —— + Uy ——
P T 0w T o oy, T
d
FU— F v —+ (22)
0 X 81);

Theorem 1 The potential system (18) admits the point
symmetry (20)

X = 9 X, = g
1_ axa 2_at’
0 d x 0 u 0
X3:—, X4:— _—— = =,
ov ot 30x 30u
0 0
Xr=(e'uF —e 'F,) — —e "F—, 23
F=(e"uF —e " Fy) s o (23)
with
2
T =c| + et §=?x+03,
1
n= —ge_v (evucz —3uF + 3Fx) ,
¥ =c4—e 'F, 24)

here F = F(x,t), and F satisfies F; — Fyxx = 0, and
hence, the scalar equation (4) admits the correspond-
ing potential symmetry.

Proof: One can get the determining equations

7, =0,
7 =0,
7 =0,
Vu =0,
& =0,
& — Nuu = 0,

N —uy + Uy — Yo+ u =0,

Vo +uby —nu — 7 + 26 =0,

3n+nv —3uy + uyy + 3uny + unu
+3ut — utiy — 3uby + 205y — &xx =0,

2uPn + 3unu + wPne — ¥ + uk + 1’y

+3uny + PPy — wE A 2uncy + 0y = 0. (25)

Solving these equations, one can obtain (27).
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Theorem 2 The potential equation (19) admits the
point symmetry (20)

X = 9 X, = X3 = 0

]_axa 2_ ’ %_8'1)’

D0y g (26)

=r—+=—, =—e"F—,

YT T3ax OF v
with

2 _

T:C]+CQZ,EZ?X+C3,W=C4—E 'F, (27)

here F = F(x,t), and F also satisfies F; — Fyyxx = 0.
Proof: One can get the determining equations

& =0,
7, =0,

7, =0,

Exvv =0,

Yo + Yy =0,
7 — 38 =0,
Vi — Yxxx =0,
& + 26xxx = 0,

wx +va _éj-xx = 0.

Solving these equations, one can obtain (30).

(28)

Notes

1. In the above, the vector fields X r are not recover-
able point symmetries of the original equation and
are potential symmetries (nonlocal).

2. The conservation laws used to construct the poten-
tial system are not unique if the there exists more
than such conserved forms. Moreover, not all the
potential forms may produce potential symmetries.
If the respective conserved form is physical, it is
purely coincidental.

4 Linearization (4) using nonlocal symmetries

One of the approaches that involve invariance deal with
derivative or integral dependent coefficients in the vec-
tor fields/symmetries. The latter is somewhat compli-
cated but may be constructed via the conserved form
of the differential equation often referred to as poten-
tial form. The symmetries of these systems are nonlo-
cal/potential symmetries of the original equation (see
[21-24]).

@ Springer

In order to linearize (4), we use the Theorems as
shown in [21,22]. In the previous section, we showed
that the system (17)

Vx = U,

vy = 3uuy +uyy + u3, 29)

admits the infinite-parameter Lie group of point trans-
formations with infinitesimal generator

9 9
Xp=e [(uFl —F2) ——Fl—],

30
ou av (30)

where F = (F!, F?) is an arbitrary solution of the
linear system of equations

dF!
- F27

ax
dF*  9F!
—_— = . 3D
dx2 ot
Then, one has

=0 £=0, 17=e7"(uF1 —Fz),
v =e VFl. (32)
We now identify
aj=oi=a;=p=0, B =ue",

pr= eV, pl= e (33)
In this way, one can get

1 1 2 2
uefvalp —671}% =1, uefvalp —6:7”g =0,
du av du av
1 2
e o, ey (34)
ou ou

It is easy to get a particular solution, which is
wl=—e’, ¢?=_ye’. (35)
Then, the invertible mapping w is given by
a=x, =t w=-¢" w'=-ue", (36)

which transforms (29) to the following linear system

dw! 9
oz
3>w? _ ow! 37)
922 9z
Consequently, the noninvertible mapping
2 ow!
w
u= o B (38)
w w
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embeds third-order Burgers equation (4) in the follow-
ing linear equation

a3w! _ dw! (39)
8z{’ T 0z

For brevity, we rewrite the (39) as follows

Ut = Uxxx- (40)

It should be noted that the mapping (38) is the famous
Hopf—Cole transformation. Also, we note that this
result is the same as in [4,7]. It should be stressed that,
however, we analyzed the results from another perspec-
tive.

5 Reduction equations and similarity solutions
related to potential equation

In this equation, we deal with the invariant solutions
of the potential equation (19). Now we consider the
following cases

Casel X;.

For this case, the invariants is £ = ¢, and we get the
trivial solution v = cy.

Case 2 X».

For this case, the invariants is & = x, and one can
obtain

3f/f// + f/// + (f/)S —=0. (41)
For this case, we get the integrating factor
1
A= Cie¥ 4 zef (8242058 +2¢4), @)

where C1, C», C3 and Cy are arbitrary constants.
In this way, (41) can be reduced into following cases:

1 2f ” "y _
s (f +2f)—c1. 43)
ef (f’z + f”) = cp. (44)
of (62 +er — f) = (45)
1 .
sl (82024820 -2 +2) = ca. (46)
Solving the first one, one can obtain
P Ci12C> +2C12Cr + C1262 + 8¢y
= 1n .
4Cq
A7)

Putting (47) into (44), (45), (46), one can get

Ci C1Cy (C1C2)? + 8¢y
r=—, (3=—, (4= ——"—"7—".
2 2 2C,
(48)

Case 3 1 X| + X».
For the linear combination, the invariants is & =
x — At and f (&), and one can have

M3+ () =0 (49)

For this case, we get the integrating factor
A=Ce?l + (C2 + C3sin (ﬁé)

+ C4 cos (ﬁé)) e, (50)

where C1, C2, C3 and Cy4 are arbitrary constants.

In this way, one can have
%eﬂf (f/2+2f“+,\) —c1. (51)
e (fP4 1" +1) = (52)
e/ (cos(Wre)Vif = sin(v/3) 2

— sin(vV2£) f”) = . (53)
ef (cos(\/XE)f/2 + VA sin(v/A€) f/

+ cos(VAE) ") = ea. (54)

Solving (51), one can get

o <_ sin («/Xx) VAC| = C; cos («/Xx) V- cz)

A

(55)
Substituting (55) into (52), (53) and (54), one can get

Ci2h + Co2h — 32
. 1 +Zi 6'27 C3=C1\/_,

Ccl =

cq = —sz/x.

Case 4 X4. 1
One can get the invariants and functionare £ = xt~ 3
and f (&), and one can have

(56)

1
SEL A3 () =0, (57)
We get the integrating factor
4 57 &
A=el (Cig?n TN [
e ( 1§ ypergeom([] [3 3} 27)
@Springer
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e 1( LBV )(—s3>é

+C3§I( 3

Therefore, one can obtain

el 3660 10
1630 Y 3’

+84&%hy ([2] [
+ 1680&%hy ([1]
+ 1680&2hy ([1],

+560&3hy ([1], [

—504&3hy ([2], [

7 8
3

3’

4
9 3 9

4
B
4 5
3’3
7 8
3’3

W

W | W

11
3

)

)
]

£ .
_2_7)f
3
_5_7) f/2
3
_5_) f’

5]’
]

53
27
53
27

: 2IF)<—§3)—?’).

53
27)

27

)
)

(58)

45 .
—3360&hy ([1], [g’ 5] ;) 1

45 €3 A
+3360hy ([1] [3 3] ﬁ>]—cl. (59)

%ef( S)ﬁ(fSI( ! 2\/'\/?)
F[( I 2[@)
+fsz( : 2fJ?) )=c2. (60)

\/_f(g)?(fl(IZIF)f/zJTéf}

32

— _£3
+,(Tl,zfs_ Vo ) e

fl( ! zfﬁ)f”ﬁ) 3. (61)

Solving (60), one can get

BIVE( w—s)( =F
€
1 I(% %\/Té”) 52 5 B
x\(/_;§3 6 \/T@ +1 5,6\/—35) ds+Ca |, (62)
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where [ is the Bessel functions of the first kind and Ay
is the hypergeom functions.

6 Conservation law

In this section, using the multipliers method [23,24],
we will handle the conservation law of the (4), (40) and
(15).

6.1 Basic concepts

Given a system of r PDEs of k-order with x and u
[22-25]

F(x,u,uqy, u@y, ..., ug) =0,

t=1,2,...,r, (63)
where uy = {ui}, upy = {uﬁ./},..., and u; =
dut 1 02ut l

3—Xl_,uij = W’

1. In this paper, the total derivative operators D; are
defined by (21) and (22).

2. Multipliers for PDE system (63) are undetermined
functions {A“[U]}, which satisfies the following
equation
AUIF[U] = D;T'[U],
for a set of functions {T[U]} [22-24].
If U° = u(x) is a solution of PDE system, then
one can get the conservation law

(64)

DiT'[U] =0, (65)
of PDE system (63), where T![U] are the conserved
densities.
3. The Euler operators defined by [22-25]
W= a5 tﬁ"'"'
1
+(=1)"Dy, - D; +ol (66)

S'—
J
ouy ;.

for each j = 1,2,..., m. By employing the fol-
lowing equation,

Eyi(AUIF[U) =0, j=1,...,N.

one can get a set of multipliers.

(67)

6.2 Conservation laws of (4)

From the above, we suppose the conservation law is
given by D, T* + D;T" = 0 on the solutions of (4).
For the fourth-order multiplier, one can get

Al = Oa Ax = Oa Au = Oa Aux = Oa

Ay, =0, A, =0 A, . . =0 (68)
Solving them, one can get

A=Cy. (69)
Therefore, one can yield the fluxes

T' = u,

T = —u® — 3uiy — tyy. (70)

6.3 Conservation laws of (40)

Applying the previous steps, for the fourth-order mul-
tiplier, one can get

92 2
Al = % + 3xtuy, + 3tu, + %,
Ao = xu + 3tuyy,
Az =u,
A4 = Xy + 3tyyxx + Uy,
A5 = Uyy,
Ag = Uyxxx, (71)
for which the respective conserved quantities are
T — u(u)zc + Oty + 9t2uxxxx + 6uy,)
1 4 ?
75— Xutly  ullyry  X2Uliyy  Stlyliyy
= 2 2 2 2
3xtu)2(x O 2 Uttyry O 2Uylpry
2 4 4
9t2uxxu,x 9t2u,u”x u? + x2u)2c
4 4 2 4
_ 9t2u)2mx 3xtuuy; _ 3xtuum. 72)
4 2 2
th _ u(xu + 3tuxx)7
2
2 2
Uiy XU 3tu
T — — _ % x x _ T %xx
2 = e Tt 2
B 3tunsy 3tu,ux. 73)
2 2
2
u
T = —,
372
X Ux
T5 = —uuyy + 5 (74)
T — U(Xtyy + 3tyxrx + Uy)
4 ) )
T* XuyUy  StUyyxU;  XUUge  SPUUsxxyx
4 2 2 2 2
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3tuyltyyy 3tusylyy RI7I7P

2 2 2
3tu,,  uylyy  xXu>,
_ — . 75
2 + 2 2 (7
uu
Tt — XX ,
5 2
2
u Ul UxUr
TY = XX _ 76
2 3 5 + 5 (76)
uu
Tt — XXXX ,
6 2
Tx _ _I/H/t[xxx UxUtxx B UxxUtx
6 2 2 2
2
uxxxut uxxx
O Zxxx 77
+ 2 2 77

6.4 Conservation laws of (15)

Once again applying the previous steps, for the fourth-
order multiplier, one can get

" eZu
1—1_

3 (9t2ui + 5412 U Uy + 61xu>
+ 36t2uxu“x + 2712”;2:):

+6rxu y + 9t2uxxxx + 6tu, + xz),
eZu
Ay = T(?atui + 18tu§uxx +xu)26 + 120U Uy

+ 9tu§x 4 XUyy + 3tUyyry + ux),

Ay = e (ui + 614)%14“ + AUty + 3”)295 + uxxxx) ,

e2u

Ay = T(3tu§ 4+ 3tuyy +x),

As eZu (”i + Uyy),
Ag = e, (78)

for which the respective conserved quantities are given
in Appendix.

7 Conclusions

In the present paper, we studied the nonlocal sym-
metries, similarity reduction and explicit solutions of
the third-order Burgers equation. In particular, we lin-
earized the equation to the third-order linear PDE via
symmetries. Also, some explicit solutions of potential
equation are constructed. Furthermore, we also give the
conservation laws of the third-order Burgers equation,
the reduced equation and the potential equation. In the
future, we will deal with the high-order equation, such
as the fourth-order Burgers equation, even more high-
order equation and then with variable coefficients.
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Appendix

27t2uiez" + 2x%u*e® + 6rulu, — 27t2u2u§x + 9203 Uy — 2x2u*

'
hi T2u*
27t262uu2u§x —271%ut — 92X Ul Uy + 12t uu® + 5462 utu?
72u?
18122 Uty ry — S4t2e?uu? + 18622  u*u? — 361%™ udu + 541%e?uu?
72u*
61Uty —-54t262”uu§ — 361202 Uty +—81t2uu§uxx —-6txu2u§ — 6re®yu,
72u*
7262 Uttt th g +—108t262”u4u%uxx —-162t262“u3u§uxx +—12txez”u4ui
T2u
12exeutu e — 7262 B Uty +—l62t262“u2u§uxx —»12xt62”u3u§
72u?
36122 Uyt ry — 61x€X 130U ., ——81t2e2“uuxxu§ +—6tx62“u2u§
+ 72ut ’
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4 y* — Ayt + 2712 ulu uscx + 2717 Uty s + SAte? Ul u iy,
—72u?
12txe2”u4u§x + 961X utu iy — 108t B U,y + 3612 Uttty x
—72u*
108t2e2”u4u§uxx — 18223 Uty — 54122 U3 Uy — 5412€2 U3 Uy iy
—72u*
12txe?utu + 16202 utuu? . + 361> u*udu,,, — 541%™ udulu,,
—72u*
S4t2eXuupu® + 1202 utu iy + 12txe® utug, — 3612 uPu u’
—72u*
54t262“u2u,ui —-54t262”u?ui + 542 un gy — 61U Uy
—72u*
91224y 2y 1y —»27t262”uu,xu% — 6rxeXuBu,, + dxZeyty,,
—72u*
6rxulusy — 92 uPusu gy, — 27020 u e — 27020 Uty — 541U% Uty
—72u*
27t2uu,xu§ + 362yt +—24t62”u4u§ +—18t262“u4u§ +—27t262”utui
—72u*
2x2eutu? — 36teulud + 1812e®utu?,  + 36te* utu — 6xe® uu,
—72u*
dxeytu, —-18te2”uu§ — 181Uty — 972X Ul Uprr + 1802 Uttty x
—72u*
181Uty y + 912U, r + 6x13u, —-27t2utui + 108122yt y U
—72u*
18tuui — 54022 iy uut gy + 6tx2 1 uuy — 108122 ud Uyt oy
—72u?
108722 u2u,ucu ey — 12txe® ulu,u, +—24tx62”u4u%uxx
—72u? '
2uuyy + 9te? utu?, — xe®u
12u*
2412 UM Ui +—36t62”u4u§uxx —-54t62”u3u§uxx — 241213 U U
12u*
——27t62”uuxxu§ +12t€ 0P U o + uluy +—18t62”u4u§x —-18te2"u3u§x
12u*
6re?utut — 12te®udut + 18te® u’ut — 18te® uut + 6te® utu vy
12u*
— 120Uty —-9tu§ + 2e2yty, +—9tezuui — ey, +—3tu3uxxxx-—.xu2u%

Ty =

—3te2y3u e + xeu 3y +—2x62”u4u§

T =

12u*
54t62“u2u%uxx + 2xe2u i +—27tuu§uxx —-9tu2u%x + X3y
12u*

k]
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