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We study the generalized fifth order KdV equation using group methods and conservation
laws. All of the geometric vector fields of the special fifth order KdV equation are pre-
sented. By using the nonclassical Lie group method, it is show that this equation does not
admit nonclassical type symmetries. Then, on the basis of the optimal system, the symme-
try reductions and exact solutions to this equation are constructed. For some special cases,
we obtain additional nontrivial conservation laws and scaling symmetries.

© 2016 Published by Elsevier Ltd.

1. Introduction

Nonlinear evolution equations (NLEEs) are of impor-
tance in nonlinear science, in particular in applied math-
ematics and theoretical physics. Their solutions are im-
portant in the understanding of nonlinear interaction and
behaviors of complex system. There are various techniques
[1-17] used to deal with NLEEs, some of the commonly
used ways involve the generalized symmetries, nonlocal
symmetries, nonclassical Lie group and classical Lie group
method.

* Corresponding author. Tel.: +86 13683181850.
E-mail address: wanggangwei@bit.edu.cn (G. Wang).

http://dx.doi.org/10.1016/j.chaos.2016.02.013
0960-0779/© 2016 Published by Elsevier Ltd.

It is well known that differential equations (DEs) have
a number fundamental structures, that is, symmetries and
conservation laws (CLs). CLs play a key roles in DEs analy-
sis, particularly in studies of existence, uniqueness and sta-
bility of solutions. Various approaches have been used to
handle symmetries and conservation laws of PDE systems
(see [1-6] and the references therein).

In the present paper, we use the group method and
the multiplier approach to study the fifth order KdV equa-
tion

U + ot uy + Bulixx + Y Ul + Usxxxx = 0. (1)
In particular, for n = 2, one can get

Ur + auzux + ,Buxuxx + YV Ullxxx + Uxxxxx = 0, (2)
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here «,  and y are nonzero constants. Clearly, this equa-
tion has two dispersive terms uyxyx and Uxxxxx. By choosing
the real values of the parameters n, «, 8 and y, one can
get a variety of fKdV equations [7,8] such as, when n = 2,
the Sawada-Kotera (SK) equation

Ur + 5UP Uy + Sl + SUllyex + Ugooe = 0, 3)
the Caudrey-Dodd-Gibbon (CDG) equation

Ug + 180U Uy + 30Uyt + 30Ul + Uxxxxx = O, (4)
the Lax equation

Uz + 30Uty + 20Uxlxx + 10U + Usxxxx = O, (5)
the Kaup-Kupershmidt (KK) equation

Uz + 20U Uy + 25Uylxx + 10U + Usxxxx = O, (6)
the Ito equation

Up + 2% Uy + Bllylyx + 3Ullyex + U = 0. (7

Many authors have been studied these equations using dif-
ferent approaches. There is still, however, a lot of room for
extensions and improvements. in particular exact solutions,
symmetries and conservation law.

The main purpose of this paper is to investigate sym-
metry and conservation law classification of the gener-
alized KdV equation. We will show that the particular
case n =2 is special as it is the only case that admit a
scaling symmetry. The paper is organized as follows. In
Section 2, all of the vector fields of Eq. (1) are constructed.
In Section 3, we consider the special case of n, that is
n = 2. In this case, the vector fields and some exact solu-
tions are obtained. In Section 4, we study the soliton solu-
tions of the equation. In Section 5, we find the conserva-
tion laws. Finally, conclusions and some remarks are given
in Section 5.

2. Group analysis of the generalized fifth-order KdV
equation

Consider a one-parameter Lie group of infinitesimal
transformation:
t* =t+et(x. t,u)+0(e?),
X' =x+€E(x t,u) +0(e?),
U =u+enx t,u) +0(e?), (8)

with a small parameter € « 1, and the above group of
transformations infinitesimal generator can read

0 0 0
V:r(x,t,u)ﬁ+§(x,t,u)ﬁ+n(x,t,u)ﬁ, (9)

and we need to solve the coefficient functions t(x, t, u),

E(x, t, u), n(x, t, u).
Meanwhile, V must satisfy Lie’s symmetry condition

pr®vV(A)|,, =0, (10)
where
A = Up + Uy + Byl + Y Ul + Usor- (11)

By using the fifth prolongation PV to Eq. (1), one can
see that the coefficient functions satisfy the following
equation:

n' 4 nanuy + au"n* + Bn¥usw + B*uy

+V7]uxxx + ynxxxu + r]xxxxx — ()7 (12)
where
n' =D¢(n) — uxDe(§) — uDe (1),
" = Dx(n) — uxDx(§) — urDx(T).
(13)

Here, D; are the total derivative operators defined by

D. = i+ui+ui+
: "ou " Y 9u;

o i=1.2,

(14)

and (x!,x2) = (t,x).
On the basis of the Lie symmetry analysis method, one
can get

T=¢, §=0, n=0, (15)

where ¢; and ¢, are arbitrary constants. So one can have
the geometric vector fields

0 a

V1=5,V2=&.

(16)

3. Classical, nonclassical, potential symmetry and exact
solutions for n = 2

In this section, we use the classical and nonclassical
symmetry method to handle the fifth-order equation for
n=2.

3.1. Classical symmetry analysis

On the basis of the Lie symmetry analysis method, one
can get

T=50t+¢, §=c1x+c3, n=-2c11, (17)

where ¢, ¢; and c3 are arbitrary constants. So one can
have the geometric vector fields

0 0 0 0 0
e V, = 3 V3 =x~— +5t 2U——.

Vi= ax e gy (18)

3.2. Nonclassical symmetry analysis

In the previous subsection, we used the classical sym-
metry method to deal with the fifth order KdV equation.
Next, we employ the nonclassical symmetry method [9,10]
to study the fifth order KdV equation. The aim is that non-
classical symmetries are much more numerous than clas-
sical ones and maybe get more solutions of PDEs. In terms
of the classical symmetry, the invariance surface condition
should been added:

Ay =1n—Euy— TU,. (19)
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If the vector field (9) is a nonclassical symmetry of (1),
which should satisfy

prOV(A)] =0.

A=0,A1=0

(20)

Consider the nature of the invariant surface condition
(19), without loss of generality, there are two cases to
arise: (i)t = 1; (ii)t =0, & = 1. More details see [9,10] and
the references therein. In following, we will consider them
respectively.

1.t=1.

Then from the invariance surface condition (19), one
can get

U =n—&uy. (21)

After differentiating (21) with respect to x, and then re-
placing u; by using n — &uy, one can get

e —Eetx+17u (1 =& Ue) + 20Ul +0U? (1x+ (17— Ex) Ux)
+Bixx (Mx+ (Mu—Ex ) tx) + By (e + (27750 —Exx ) Uy
+(77uu*25X11u§)+(7)u*zéxuxx))JFVnuxxx

+9 U Maoex + 3 Mol + 3 M2 + 37 U+ M U 4 3T Ul
Nl — Exorllx — 3Exxxx — 38| + 5w s + 10 e Uk
107 001 xxx ~+ 3 Mo Ui T iexoe — Sxvexxx Ux — 5ol

— 108 0xthexx + 1071 U Uxx + Mavoxx: — 10 xlone — 5Exxxxxy
+ 107 ety + 10 xlly + 5wl + 157w U+ N Uy
-+ 307w Uy U ~+ 207 U + 30 e U Usex +5 s Ul
H15 Dyt + 107y U3 Uy + 107y U Uy = 0. (22)

Solving the overdetermined system of equations, leads to

. —2u §—X+C2
_5t+C]’ _5t+C]’

where C; and C, are arbitrary constants. Consequently, one
can get the corresponding “nonclassical symmetry”is

_x4G 0 B D
4751 Gox ot 5t+C ou

It is cleat that, V4 = V53 + G4V, + GV, it is the classical sym-
metry. Also, we can find the equation does not have non-
classical symmetries.

2.1=0&=1.

Now, using the same approach as before, one can
have

(23)

n

(24)

N (25)

Then, solving the overdetermined equations, one can get
t=0 &=1,n=0. (26)

That is to say, in this case, we could not get supplementary
symmetries, of non-classical type. This also means no new
explicit solutions can be constructed in the case of 7 =0,

E=1.
3.3. Potential symmetry analysis

Suppose (1) can be written an a conservation law,

DeT(x,t,u) + DyX(x,t,u) =0. (27)

The PDE system S(x, t, u,v) = 0 given by

28
3 (28)

After repeating previous steps, one can get the co-
efficient functions t(x,t,u,v),&(x,t,u,v),n(x, t,u,v) and
Y(x, t,u,v) are:

1 1
v = —(falf‘ + j(ﬁ — VUL + Y Ul + uxm).

C1 2C1
3X G n=-7"

T=Ct+cy, &€= 3

U, =—civ+cs.
(29)

One can find out that this equation does not have potential
symmetry.

3.4. Symmetry reductions and group-invariant solutions for
n=2

In the previous section, we use the classical and non-
classical group method to deal with the fifth order KdV
equation In this section, by using the optimal system, we
give some group-invariant solutions.

3.4.1. One-dimensional optimal system of subalgebras
In order to get the optimal system, we applying the ad-
joint transformations formula [1] given by

1
Ad(exp(eV))Vj =V — €[Vi, Vi + 5 €2V, [Vi, V]l = - -
(30)

where € is a nonzero constant. Here [V;, V;] is the commu-
tator for the Lie algebra given by

[Vi. Vj] = ViV, — V. (31)

We can get an optimal system of one-dimensional sub-
algebras:

Vi, Vo + AV, Vs, (32)

3.4.2. Symmetry reductions

In the present subsection, we employ the optimal sys-
tem of one-dimensional subalgebras to deal with (1). and
in the next subsection we will give some exact solutions of

(1).

(1) Vs
For the generator Vi, one can get the group-invariant
solution is u = f(£), and & =t is the group-invariant,
in this case, one can get trivial solution u(x,t) = C, and
C is a constant quantity.

(2) Vo + AV;.
For the case of V, + AV;, we get the group-invariant so-
lutions
u=f(&), (33)

where & = x — At. Plugging (33) into (2), one can get
the following ODE:

—Af +af’f By [+ =0, (34)
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In particular, if 8 =2y, and each term is multiplied by In this way, the power series solution of can be rewritten
f, and integral once, one can get
A 2 1 4 2 11 (4) ! FI 0
B LR LI AR e AR F A B FE)=cotrE+CE? + 363 +Caf + 05E5 + Y uysE™
1 112 n=1
— k=0 35
+2(f )+ ’ (35) = Co+ 01§ + 5% + 0387 +caf?
where k is an integration constant. N %Co — otcgcl —2Bcicy — 6yc0c3§5
(3) Vs. 120
In the case of the generator V3, we get 00 1
U=t3f() E=xt"5. (36) ‘2 (n+1)(n+2)(n+3)(n+4)(n+5)
Substitution of (36) into (2), one can lead to n_k
5 1 <o) Y (n+1—k)cjcjCri1-k
—ef =& a2 BT v fO =00 (37) k=0 j=0
n
3.5. Exact group-invariant solutions using power serious +,32(k + DM+ -k (N +2 = K)Ce1Cniak
method kj’
Supposing that (34) has the following solutions +y§(n 1=k +2 k)N +3 - k)clnis
s 1 2
FE =Y cin. (38) — ey - gcn)gm. (42)
n=0
Substituting (38) into (36), one can have

N Therefore, one can get
120c¢5 + Z(n +1)(n+2)(n+3)(n+4)(n+5)chysE"

n=1
o n Kk ux,t) = |:c0 +o(xtT5) + e (xt75)2 + ey (xt5)3
+acger +a) Y > (n+1—k)cicjCnag 1 E"
n=1 k=0 j=0 g - lnss |2
o n Hea(XtT3) 4D Cnys (XET)M|(E75)
+2Bcica+BY D (k+1) n=0
n=1 k=0 -1 ~1\2 —133
x(M+1—=k)(n+2— k)1 iE" = |:C0 +er(xt75) +eo(xt735)7 + c3(xt75)
[e'e} n
+6ycocs+y Y Y (n+1-k)(n+2—k) Jeg(xt=5)4
n=1 k=0 ad 1
n —
X (143 = k)CCrasie§ % M+ DM +2)n+3)(n+ra)n+5)
18 2 R -
—gzncngn_(ECO‘i‘gZCngn):O- (39) no ok
n=1 n=1 (@) Y (41 —k)cjcejCni1-k
Comparing coefficients for n = 0 in (39), one yields k=0 j=0
2 2 "
o = £co —oucicr — 2Bcic; — 6)/(:063. (40) +ﬂ2(k +1D(n+1-k)(n+2—k)Cr1Cniark
120 k=0
For general case, if n > 1, one can get n
1 +y Y (+ 1=k +2—k)(n+3 = k)CCrisi
Cnys = — k=0
m+1)(n+2)(n+3)(n+4)(n+5) ; 5
n k —=Ne,; — *Cn) (xtg)"*s} (%), (43)
X QZZ(H-F] —k)CjCk,an+1,k 8] >
k=0 j=0
n . .
+ﬂ2(k S +1 k)M +2 = K)Chi1Cra i here ¢;(i=0,1,2,3,4) are arbitrary constants.
k=0
n . .
Remark. The exact solution of (43) also can be fixed in
+y 2 1=k +2 - k) (n+3 = k)ecns similarly way. The details are omitted here.
k=0 In addition, by using the Maple soft, one can get fol-
L _ % lowing Jacobi function and Weierstrass elliptic function so-
ncyp — =Cn (41) .
5 5 lutions:
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2ﬁy+ﬂz7\/ﬂ4+4ﬁ3y+4/32y2—40aﬁ2—12a)C35t

2

o

—6C325N<—6(

+ Gx + G, l)

ux,t) =

X o

ﬂ(12y2+12ﬁy+6,32+6\//94+4ﬂ3y +4/32y2—40a,32—120a>

~6v” (2By+8—/F4By +4 By~ 400~ 120.) 72y?% + 1208y

,3(12)/2+12ﬂy+6,32+6\/,34+4,33y +4ﬁ2y2—40aﬂ2—120a)

~6082 — 60,/B4 +4B3y +4B2y2 — 4002

X

(44)

,8(12)/2+12,By+6ﬂ2+6\/ﬁ4+4,63y +4ﬂ2y2—40a/32—120a)'

2By +B2+/ B 1453 y+452y2—40aﬂ2—12a)@5t

2

o

—6C325N<—6(

+C3X+C2, l)

ux,t) =

X o

/3(12)/2-1-12,3)/+6,32+6\//34+4,33y +4ﬂ2y2—40a,32—120(x)

67 (267 482+ /B APy +4 5777400 12a) 72y% + 1208y

/3(12)/2+12,3y+6/32+6\/,34+4,33y +4/32y2—40aﬁ2—120a)

—6082 +60,/B4 + 483y +4B2y? — 400 B2

X

(45)

u(x, t) = _3&0(%@5@ (—3M + 36)t + Cux + G, G, cl)

><(27/+,3—\//52 +4By +4y? - 4001)C420F1~
(46)

2
><(2y+,3+\/ﬂ2+4/3y+4y2—4Oa)C42a‘1.
(47)

U(X, t) = —35{)(1C45C2(—3N + 36)t +Cx + G5, Gy, C])

4. Solitons solutions

This section will obtain solitary wave solutions to the
model equation given by (1). The method of undetermined
coefficients will be adopted to retrieve these solitons. In
this case we rewrite Eq. (1) as follows:

ur + auuy + ,Buxuxx + Y Ulxxx + Slxxx = 0. (48)

There are four types of solutions that are going to be ex-
tracted for (48) with the aid of the method of undeter-
mined coefficients. They are in the next few subsections:

4.1. Solitary waves

In order to obtain solitary waves, the starting hypothe-
sis is:

u(x, t) = Asech’t (49)
with
T =B(x —t) (50)

,3(12 y2+12By + 662 —6,/B4 + 43y + 4B2y2 — 40a B2 — 1200{).

where A is the amplitude of the soliton, p > 0 is a pa-
rameter that will be obtained with the aid of the balanc-
ing principle, B represents the inverse width of the soli-
ton while v is the speed. By substituting (49) into (48) one
obtain

(v — p*8B*)sech?™ 't — p2(B + y)AB®sech®*'¢

—aAtsech™ P+ ¢

+(1+p)(2y + p(B + y))AB*sech®” 1

+2(1+p)(2+ p)[2 + p(2 + p)18B*sech”¢

~(1+p)2+p)3+p)(4+p)SBisech’ =0 (51
The balancing principle allows to equate the exponents
(n+1)p+1 with p+5 from which

4

=—. 52
p= (52)
Notice also that the same principle allows to equate 2p + 3
with p+5, and 2p + 1 with p+ 3, both situations leading
to

Thus, from (52) and (53) we have
n=2. (54)

Consequently, the system (51) collapses into
(v —168B*)sech®t — 4[(B + y)A — 608B%|B%sech’
—[3608B* + aA? — 6(2y + B)AB?]sech’t =0.  (55)

After equating the coefficients of the linearly independent
functions sech/t for j=3,5,7 to zero one get

v = 168B%, (56)
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608 B2 where the amplitude is given in (65) while the speed turns
= m (57) to be (64) along with the corresponding conditions. In ad-
) dition, the condition (66) has to be satisfied.
constrained by
B+y #£0 (58) 4.3. Singular solitary waves (Type-I)
and the identity For type-I singular solitary wave solution to Eq. (48) the
Qy+B)(y +B)— (B+y)*—10as =0. (59) starting hypothesis is

Therefore, the solitary wave solution to (48) is given by
u(x,t) = Asechz[B(x —vt)] (60)

where the speed v is given in (56), while the amplitude A
is provided in (57). For the solution to exist the identity
(59) has to be satisfied along with the condition (58).

4.2. Shock waves

In order to solve the generalized fifth order KdV Eq.
(48) for shock wave the starting hypothesis is taken to be

u(x,t) =Atanh’ ¢ (61)

with t as defined in (50), A and B are free parameters, and
p > 0 is a key parameter to be determined. Substituting
Eq. (49) into Eq. (48) gives in a simplified form

[v—2p*(5 +3p?)8B*| tanh? ' T — A" tanh ™ P ¢
+4(p—1)(p-2)[2+ p(p—2)]§B*tanh? > ¢
—(p-1)(p-2)(p—3)(p—4)3B*tanh’ > ¢
+2p*(B + y)AB* tanh® ' T 4 (p— 1)
x[2y — p(B + y)]AB? tanh* > ¢
+4(p+1)(p+2)[2 + p(2 + p)]8B* tanh?*' ¢
—~(p+1D(p+2)(p+3)(p+4)8B*tanh’ > ¢
—(p+1)[2y + p(B + y)]AB? tanh®**" 7 = 0. (62)

By the balancing principle, equating the exponents (n+
1)p—1 and p+3 leads to (52), but also it is possible
to equate 2p+1 with p+ 3 resulting in (53) and conse-
quently one get (54). In view of this values of p and n, the
Eq. (62) can be rewritten as

[v—1368B* — 2B8AB?|tanh T + 8[(B + y)A
+608B%|B% tanh® T — [6( + 2y )AB?
+3608B* + wA?] tanh’ T = 0. (63)

Equating to zero the coefficients of the linearly indepen-
dent functions tanh/t for j =1, 3,5 lead us to

v =2(BA+ 685B%)B?, (64)
and the amplitude becomes
2
A= —@. (65)
B+vy

along with the condition (58). In addition, the identity
B+y)?-Qy+pB)(y+pB)+10as =0. (66)

has to be satisfied in order for the shock waves to exist.
Therefore, the shock wave to the generalized fifth order
KdV Eq. (48) is given by

u(x, t) = Atanh?[B(x — vt)] (67)

u(x, t) = Acsch’t (68)

where the parameter p > 0 will be determined with the
help of the balancing principle, A and B are free parame-
ters, while t retain the same meaning as in (50). The sub-
stitution of (68) into (48) leads to

(v — p*8B*)csch? 't — p2(B + y)ABcsch? it
—aA"csch™ VP —2(1 4+ p)(2 + p)
x (2 + p(2 + p))8B*cschP 1
—(1+p)[2y +p(B +y)|AB*csch®* ¢
—(1+Dp)2+Dp)(3+p)(4+ p)dBicsch’r = 0. (69)
As in Eq. (51), it is possible to equate (n+1)p+1 with
p+5, 2p+3 with p+5, and also 2p+ 1 with p+ 3, thus

leading to (53), and consequently (54). As a consequence,
the Eq. (69) becomes

(v —168B*)csch®t — 4[(B + ¥ )A + 608B%|B2csch’ T
—[3608B* + aA® + 6(2y + B)AB?]csch’t = 0.
After equating the coefficients of the linearly independent
functions cschit for j=3,5,7 to zero one get the wave
speed as in (56), the amplitude as in (65), and the identity
turns to be the same as in (66). Thus, the type-I singular

solitary wave solution to the generalized KdV Eq. (48) is
given by

ux, t) = Acschz[B(x —ut)]

(70)

(71)

where the soliton speed and amplitude are given in (56)
and (65) respectively, while the identity (66) has to be
satisfied in order to preserve the existence of the solitary
wave.

4.4. Singular solitary waves (Type-II)

To obtain type-II singular solitary wave solutions to Eq.
(48) the starting Ansatz is

u(x,t) =Acoth’ t (72)

where the meaning of A, p and t are as in the previous
subsections. By inserting (72) into the fifth order KdV Eq.
(48) one get
[v—2p*(5 + 3p?)8B*| coth? ' 7 — wA" coth™ VP~ 1 ¢
+4(p—1)(p—2)[2 + p(p — 2)]8B* coth? > T
—(p—1)(p—2)(p—3)(p—4)3B* coth” > ¢
+2P* (B + y)AB* coth’® 't + (p— 1)
x[2y — p(B + v)|AB? coth® > ¢
+4(p+1)(p+2)[2 + p(2 + p)]8B* coth?™! T
~(p+1)(p+2)(p+3)(p+4)3B* coth” 1

—(p+ D2y + p(B +v)]AB? coth®”™ ' r = 0. (73)
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The balancing principle leads to (53) and (54). Both values
reduce the Eq. (73) into
[v—1365B* — 28AB?| coth T + 8[(B + ¥ )A
+608B2]B2 coth® T — [6(B + 2y )AB?
+3608B* + aA?] coth® T = 0. (74)

and consequently, the results (64)-(66) reappear. Finally,
the type-II singular solitary wave solution to the general-
ized fifth order KdV Eq. (48) is given by

ux,t)y=A coch[B(x —ut)] (75)
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follows:
I] 2[ Tth =/ udx = % (80)
1—/°°dex—1/mu2dx—2i2 (81)
Tl T2 ) ~ 3B
I = /w Ttdx = - /w {@2B — y)u? + 15uu,dx
oo 30 J_
8A2 5
= ﬁ{(2/3—)/)A—|—15B } (82)

where the amplitude is provided in (65) while the speed
turns to be (64) along with the corresponding conditions.

5. Conservation laws

In this section, we employ the multipliers method [3-
5] to deal with the conservation law. Firstly, we introduces
some basic definitions and concepts.

From what has been described above, suppose the con-
servation law is given by DyT* + DTt = on the solutions of
(1).

In Section 2, we got the Lie point symmetry generators
X1 = 0r and X, = 0x. For the case n =2, we obtain the ad-
ditional scaling symmetry X3 = xdx + 5ty — 2udy.

In general, we have the only conserved vector based on
the multiplier Q = 1 given by

T = Lotu"+1 +1(/3, Yux? + Y Ullyy + U
= a1 5 YL Y Ullxx XXXX >

T =u. (76)

In particular, if 8 =2y, one can get the multiplier Q = u,
and get the conserved vector

1 1
T* = "y 2au"+2 + )/Uzuxx + Ullxxxx — UxUxxx + 511)20(,
1
Tt §u2 (77)

For n = 2, subject to the condition
100 4+ 282 — 78y +3y2% =0,

we obtain an additional, second order, multiplier Q =
15 ((2B = y)u? + 10ux) leading to the nontrivial conserved
flow

(78)

555 (@(8F — 4y + 202 — )y
—20u(5uy — 2((B + 2)/)uxx2 + (2B + V) uxlixxx))
—5u%((10a + 282 — 7By +3y2)u,?

+4(=2B 4 V) onr) + 20(5uctiy + 2(28 — ¥ )P Uxx
_S(llxxx2 — 2UxxUxxxx)))

1
Tt = %((2,3 — )3 + 15ully).

T =

(79)

We note that the action of X3 on Q satisfies X3Q = —4Q.
For any solution u(x, t), if u and its derivatives converge to
X —> Foo, [ Ttdx provide conserved quantities.

From the solitary wave solution derived in the previ-
ous section, the conserved quantities, with § =1, are as

Remark. It does not exist other nth order multiplier, in
other words, it only exist, for the general case, second or-
der multiplier.

6. Conclusion

In the present paper, using the group methods, and the
multiplier approach, the generalized fifth-order KdV equa-
tion is studied. Furthermore, we derive the corresponding
Lie algebra and the similarity reductions of special case of
generalized fifth-order KdV equation. Also, we found that
the analyzed model does not admit nonclassical type sym-
metries for n = 2. In addition, on the basis of symmetries,
the optimal system is constructed, based on the optimal
system, some exact solutions are presented. Meanwhile,
some soliton solutions are presented. Finally, conservations
laws are derived. These results are important for the un-
derstanding of nonlinear interaction and behaviors of com-
plex system in some piratical physical problems.
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